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Mathematical writing (MW) plays an important part in students' mathematical learning and is
one way students are expected to communicate their thinking to others. However, for teachers to
effectively support students in this work, they must have an understanding of and be able to
generate high quality MW responses themselves. Yet, little is known about future teachers’ (FT)
MW competencies and ways to assess FTs’ MW. In this study, we used a K12 MW assessment
tool in undergraduate elementary mathematics methods courses to understand the utility of the
tool and FTs’ MW competencies.

Mathematical writing (MW) plays a critical role in mathematical learning because it
promotes reflection and clarification of ideas via explanations, descriptions, definitions, and
critiques and can promote students’ mathematical identities (Boaler, 2002; Freeman et al., 2016;
Ivani¢, 1998; Marks & Mousley, 1990; National Council of Teachers of Mathematics, 2000).
Yet, writing is often overlooked in mathematics classrooms and teacher preparation programs
(Powell et al., 2021). If teachers are to effectively foster and scaffold students’ MW, teachers
must have an understanding of and be able to generate high quality MW responses themselves.
However, little is known about future teachers’ (FTs’) MW competencies and ways to assess
FTs> MW.

Mathematical Writing

MW is “a writing activity in which students write about mathematics concepts or
procedures” (Powell et al., 2021, p. 418) that can vary based on purpose, formality, audience,
structure, and required language (Chval et al., 2021). Within MW, multiple genres exist (e.g.,
explanatory, argumentative; Casa et al., 2016), however, explanatory writing is the primary focus
of teachers, curriculum, and state assessments (Casa et al., 2019; Gillespie et al., 2014).
Explanatory writing occurs when writers “reason about concepts” (Casa et al., 2016, p. 9) as they
explain (e.g., strategies, connections) or describe (e.g., observations, representations). Given the

prominence of explanatory writing in teachers’ work with students, it is important to understand

the extent of FTs’ explanatory writing competencies in an effort to better prepare FTs to support
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students’ explanatory MW.
Future Teachers’ Mathematical Writing

Scholars (e.g., Magiera & Zambak, 2020) have called for more research focused on FTs’
MW that goes beyond proof-related work. In the small body of work that focuses on FTs’ MW
outside of proof, much of this examines how FTs’ reflective writing impacts metacognition,
beliefs about mathematics, and pedagogical content knowledge (Kilic & Dogan, 2020; Kuzle,
2013; Namakshi et al., 2022). Findings from the few studies that have examined FTs’
explanatory MW indicate FTs’ conceptual understanding is strongly related to their own MW
and their ability to critique students’ MW (Magiera & Zambak, 2020). The majority of research
that examined FTs” MW in general has focused upon FTs’ mathematical content knowledge with
little examination of their MW mechanics or organization.

Assessing Future Teachers’ Mathematical Writing

We are aware of no broadly available assessment tools designed to evaluate FTs> MW
competencies. As a result, scholars have developed their own scoring frameworks for their
respective studies (e.g., Magiera & Zambak, 2020). Although these assessment tools have served
their purposes in the context of a specific study, they have not had their technical adequacy (e.g.,
reliability and validity) examined nor been applied beyond the context of a specific study.
Furthermore, these assessment tools often omit writing and writing mechanics assessment (e.g.,
organization, grammar), which can impact the perceived quality of mathematical understanding
and inform future instruction.

Within the context of K12 mathematics classrooms, one group of scholars (i.e., Namkung et
al., 2020) have sought to identify MW assessment tools that evaluate both mathematics and
writing mechanics as well as demonstrate technical adequacy. Namkung et al. examined four
potential assessment tools (i.e., holistic, analytic rubric, elements scoring, and MW sequences)
for upper-elementary students. The authors determined that all four scoring methods were
moderately correlated with criterion measures of mathematics and writing while confirmatory
factor analyses indicated satisfactory construct validity. Furthermore, all tools demonstrated
adequate reliability with the exception of increased variability for the grammar dimension of the
analytic strategy. Although Namkung et al. recommended use of a holistic scoring approach,
holistic scoring has minimal instructional utility as it does not indicate specific areas of need, has

little use as formative assessment to measure growth across time, and is primarily useful only for



ASSESSING FUTURE TEACHERS” MATH WRITING 3

summative evaluations. For formative assessment purposes and instructional utility, analytic
scoring strategies may be the most beneficial. The analytic rubric employed by Namkung et al.
demonstrated significant correlations with criterion measures of math fluency (s = .33), word
problem solving (s = .66), and essay composition (rs = .36). The rubric was also scored
efficiently with acceptable inter-rater reliability (IRR) and provided targeted information that
could identify student strengths/needs in either mathematics content, writing, or both.

This study fills the aforementioned research gaps by (1) providing an assessment tool for
MW and (2) shares insights into FTs” MW competencies.

Methods

This study is part of a larger project examining the impact of a MW module on FTs’ MW and
their ability to assess elementary students” MW. Data was collected from 119 FTs at three U.S.
universities. All FTs in this study were junior or senior undergraduates enrolled in a mathematics
methods course that was designed to prepare elementary FTs seeking initial licensure in
elementary education, special education, or elementary and special education.
Mathematical Writing Task

Data for this study was composed of FTs’ responses to an elementary grade level task
completed prior to engaging with an online module on MW. The task was a third-grade released
assessment item from New Jersey (see Figure 1). The audience for these responses were the

instructors of the FTs” methods course.
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Analysis
FTs> MW was scored using an analytic rubric adapted from Namkung et al. (2020) that

assesses MW across five dimensions (math content, math vocabulary, writing organization,
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writing grammar, clarity and precision) with a rating from 5 (ceiling) to 1 (floor) (see Figure 1).
Clarity and precision were added to Namkung et al.’s rubric based on expert feedback. Two
researchers with over 20 hours experience with the MW rubric independently scored all FT
responses. Consensus IRR and correlations between rubric dimensions are reported. FT mean,
standard deviation, and frequency of rubric performance within each dimension was analyzed for
patterns of strengths and weaknesses.

Findings
MW Assessment Properties

We report the consensus approach (percent of exact agreement) and consensus within 1-point
(indicates scorers assessed in the same range) for IRR, where 70% or better is considered
acceptable (Namkung et al., 2020). IRR for math content was .59 (.97 within 1-point), math
vocabulary was .47 (.83 within 1-point), writing organization was .50 (.93 within 1-point),
writing grammar was .54 (.93 within 1-point), and writing clarity and precision was .50 (.89
within 1-point). The exact agreement IRR was consistently lower than Namkung et al. (2020)
and well below 70%, but IRR within 1-point approached 90%. Although IRR rates here are not
suitable for high-stakes decision-making, the within 1-point IRR rates were similar to those
found with K12 students and allow for broad interpretations for formative assessment purposes.
The analytic rubric was not time intensive and could be used in a typical classroom.

Correlations between the rubric dimensions and text segments (words, values, and
expressions) are shown in Table 1. In general, correlations between dimensions were moderately
strong to strong and suggest the rubric assesses highly related but distinct dimensions of MW,
which could be useful for differentiating instruction. Mathematics vocabulary was correlated
more strongly with writing clarity and precision (.71) than mathematics content (.59), while
mathematics content correlated the strongest with writing clarity and precision (.85). The low
correlations for writing grammar indicate this dimension needs revision. Although grammar is
important, and perhaps even more so for younger students, it may be best assessed as an
“acceptable/not-acceptable” checkbox on the rubric rather than a scaled score. One potential
revision is to replace the writing grammar dimension with text segments.

Table 1.

Correlation Table of Mathematics Writing Assessment Dimensions

Dimension 1 2 3 4 5 6 7

1 Mathematics content * .59 .80 1 .85 .89 .68
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2 Mathematics vocabulary .59 * .61 24 71 .83 43
3 Writing organization .80 .61 * .16 .82 .88 73
4 Grammar 11 24 .16 * 17 35 .06
5 Clarity and precision .85 71 .82 17 * 92 .65

FTs’ Performance

Generally speaking, FTs scored similarly across dimensions. Mean scores (see Table 2)

across all dimensions indicate FTs’ have a partial understanding of the mathematics content

embedded within the task (i.e., operations, number) and are not yet able to construct a written

response that demonstrates mastery in mathematics and writing. Consequently, there was not a

ceiling effect on the FTs’ MW scores even though the task was at a third-grade level.

Table 2

Mean, Standard Deviation, and Frequency of Assessment Scores for Future Teachers’

Mathematics Writing

. . Frequency
Dimension Mean (SD) | ’ 3 4 5
Mathematics content 3.03 (1.09) 4 37 27 31 20
Mathematics vocabulary 2.66 (1.00) 13 29 44 28 5
Writing organization 2.92 (1.13) 14 19 40 30 16
Writing grammar 3.73 (0.83) 3 3 27 53 33
Clarity and precision 2.54 (1.03) 15 38 35 25 6

Note: To calculate frequency we rounded the average score to the nearest whole number.

When looking across the students who scored a 5 on content, their responses followed a

typical structure of first identifying the total square feet of the table top (first prompt) followed

by the FT’s reasoning of why Tori’s and Leo’s expressions matched the situation. These

responses often included an explicit reference to the two tables represented in the grid and

discussed the equivalence of the two expressions, similar to the following

The total area of the tabletops is 18 sq. ft. Both students have written a correct expression

for the problem. Tori's expression focuses on the tabletops as a whole. She said the width

(3) times the length (2+4). This expression equals 18 sq. ft. Leo's expression focuses on

the tabletops as individuals. He has expressions for the area of each tabletop, and then he

adds those expressions together. The answer is 18 sq. ft. If a person counts the squares on

the inside of the tabletops, they would find the answer 18 sq. ft.

In contrast, FTs who scored a 1 or 1.5 on mathematics content typically did not answer both

prompts embedded in the question and their response lacked specificity (e.g., “Both of their

answers are correct because ultimately they would both end up with 6x3 which is 18”). This
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appears to be somewhat related to scores received on mathematics vocabulary, since responses
that received a 1 on mathematics vocabulary were brief and included little, if any, mathematics
vocabulary (e.g., square feet, length, width). Differently, responses that were scored a 5 were
lengthier and included frequent use of mathematics vocabulary and symbolic notation, such as
the example above. Consequently, it seems that FTs who are able to produce more text generally
performed better than peers who wrote less.

There was an average of 46 text segments and a range of 1 to 288. Of all respondents, only
five FTs provided a text segment of 3 or less (e.g., “18”). When FT’s overall score was rounded
to the nearest whole number, FTs’ who scored a 4 or more wrote an average of 83 text segments
whereas those who scored a 2 or below averaged 18 text segments.

FTs’ performed lowest on the clarity and precision dimension, with the majority of FTs
earning between a 2 or 3. Responses in this range were typically of average length, complete,
and used mathematics vocabulary. However, what was different about these prompts compared
to those receiving higher scores was a lack of precision, like

The answer is 18. Tori used the height of the grid to come up with 3, and she added the
length of table C and table D together because they make up one side of the bigger
tabletop. The width (3) is then multiplied by the total of table C and D. Leo uses a similar
strategy, but he multiplies table C and D by the width separately.
In this example, the FT lacked precision and clarity in their explanation by leaving off units (e.g.,
square feet) and did not connect their explanation with the expressions.
Discussion & Conclusion

In this study, we used a MW assessment tool previously identified for use in K12 school
settings in the context of undergraduate elementary mathematics methods courses at three U.S.
institutions. The analytic rubric used was efficient and demonstrated acceptable within 1 point
IRR for formative assessment purposes, but the rubric needs revision for further research or
high-stakes decision making. Yet, use of a common rubric in MW, or a close facsimile, can
promote generalization of findings across research studies so that the field may develop a better
understanding of what FTs and K12 students need to be successful with MW. Future studies may
consider examining whether or not the rubric is responsive to student learning (i.e., sensitive to
growth), what kinds of instructional decisions teachers make based upon student performance on

the rubric, and if the rubric can be readily used by students to self-evaluate and revise their MW.
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Findings from this study indicate that FTs’ need additional instruction in their teacher
preparation program on mathematical concepts and vocabulary—some of which they had already
received in their teacher preparation program (e.g., operations and number)—along with clarity
and precision in writing. Given prior research, we hypothesized FTs would likely perform better
on the writing dimensions (at or near ceiling) than the mathematics dimensions and were
somewhat surprised when this did not occur. Such findings highlight the need to simultaneously
bolster FTs’ writing competencies alongside mathematics. To support FTs in crafting MW
responses, instruction should incorporate writing strategies, such as mnemonic strategies (e.g.,
PSOLVE, Hauk & Isom, 2009) and graphic organizers, alongside mathematics while leveraging
FTs’ literacy practices. Furthermore, the planning and organization components inherent in
effective writing instruction (e.g., PSOLVE, Hauk & Isom, 2016) could also support students’
problem-solving skills. Furthermore, instruction focused around MW should include explicit
attention to identifying what academic language is embedded in task statements and why it is
important to use academic language to clearly, coherently, and precisely communicate
mathematical thinking to others.

Since MW is a form of mathematical discourse and represents one way students
communicate their mathematical understandings, it is critical FTs can generate high-quality MW
responses if they are to support students in this work. Moreover, given the prominence of MW
on standardized high-stakes assessments, ensuring FTs are sufficiently prepared to support
students is a matter of educational equity.
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