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SECOND-ORDER TWO-DIMENSIONAL SYSTEMS:
COMPUTING THE TRANSFER FUNCTION

George E. Antoniou — Marinos T. Michael *

In this paper the discrete Fourier transform is used to determine the coefficients of a transfer function of a new two-

dimensional model of second-order: z(i1 +2,i2 +2) =

Aoz(i1 +1,i2 + 1)+ Arz(i1 + 1,42) + A2x(i1,i2 + 1) . The algorithm is

straightforward and has been implemented using the software package MatlabT™ . Two step-by-step examples illustrating

the application of the algorithm are presented.
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1 INTRODUCTION

During the past two decades there has been extensive
research in two dimensional (2D) systems. This is due
to the extensive range of applications, especially in en-
gineering and computing [1]-[3]. 2D systems can be rep-
resented with a transfer function in polynomial form or
using state space like structures [3]. State space based
techniques play a very crucial role in the analysis and
synthesis of 2D systems. An important problem is to de-
termine the coefficients of a transfer function from its
model representation and vice versa. Leverrier-Fadeeva,
discrete Fourier transform (DFT) algorithms and Van-
derlmode matrices can be modified to be used for various
The DFT has been used for the evaluation of

the transfer function coefficients for linear, singular, and

models.

multidimensional state space systems [4]-[7].

In this paper a computer implementable algorithm is
proposed for the computation of the 2D transfer func-
tion for a new 2D system that is also of second-order.
Second-order one-dimensional systems have been used in
circuit theory, linear control systems, filtering, mechan-
ical system modeling and applied mathematics [8]-[10].
The proposed algorithm determines the coefficients of the
determinantal polynomial and the coefficients of the ad-
joint polynomial matrix, using the DFT. The computa-
tional speed of the method can be improved by using fast
Fourier transform techniques. It is noted that the pro-
posed algorithm easily can be modified to be used with

second-order 2D systems of other types [11].

two-dimensional (2D) systems, second-order systems, transfer function, Fourier transform

2 SECOND-ORDER
TWO-DIMENSIONAL SYSTEM

A second-order two-dimensional (SO2D) system has
the following structure [11]:

x(il + 2,0+ 2) = A()CU(Z1 + 1,49 + 1)

+ Aix(iy + 1,49) + Asx(iy,in + 1)

(¢
+ Blu(ll +1 22) + BQ'LL(Zl,ZQ + ].)

y(i1,12) = C x(iy, i2)

Where, l’(il,ig) € R)\, u(il,iz) S Rm, y(il,ig) € Rp,
11,52 are integer-valued vertical and horizontal coordi-
nates, respectively, x(i1,i2) is the local vector at (i1,1i2),
u(i1,12) is the input vector and y(iy,42) is the output vec-
tor. Ay, for k =0,1,2 and By, By, C, are real matrices
of appropriate dimensions denoting the characteristics of
the SO2D system that can also be represented by a 2D
transfer function, as in the regular 2D systems [12]. It is
noted that this particular SO2D system (1) is an exten-
sion of the regular 2D Fornasini-Marchesini model [12] to
cover systems of second-order. For more 2D second-order
structures the reader can refer to [11].

Applying the 2D z;, i = 1,2 transform to system (1),
with zero initial conditions, the transfer function is found
to be:

T(Zl, 22) =

C [|21Z2 Az — AQZQ]_l . [Blzl + 3222] .

(2)

Apz129 —

In the following section an interpolative approach is de-
veloped for determining the transfer function T(z1,z22),
given the matrices Ay, k = 0,1,2 and B; By, C us-
ing the 2D DFT. For the sake of completeness a brief
description of the 2D DFT follows.

* Image Processing and Systems Laboratory, Department of Computer Science, Montclair State University, Montclair, N.J 07043

ISSN 1335-3632 (© 2004 FEI STU



Journal of ELECTRICAL ENGINEERING VOL. 55, NO. 11-12, 2004

3 2D DISCRETE FOURIER TRANSFORM

Consider the finite sequences X (k1, ko) and X (r1,73),
ki,r; =0,...,M;, Yi=1,2. In order for the sequences
X (1, k2) and X (r1,73), to constitute a 2D DFT pair the
following relations should hold [13]:

My Mo

X(riyre) =Y Y X(ky, ky) Wy Friwykers,
k1=0 ka—0 (3)
M1 M2
X (k1 ko) = Z > X(ry,r)WTWEE(4)
7‘1_07'2 0
where
R= (M +1)(Mx+1), (5)

W, = ™)/ (Mit1) 1 o (6)

X, X are discrete argument matrix valued functions,
with dimensions p x m.

In the following section an interpolative approach is
developed for determining the transfer function T(s),
given the matrices A;, i = 0,1,2 and By, By C, using
the 2D DFT.

4 ALGORITHM
The transfer function of a SO2D system (1) is

N(Zla Z2)

T = 7
(21, 22) A(z1. ) (7)
where
N(21,22) =Cadj[l2725 — Agz122 — A2
— Az - (Biz1 + Bazy), (8)
d(z1, 2z2) :det[lz%zg —Apziz0 — Az — Agzﬂ . (9

Equations (8) and (9) can be written in polynomial form
as follows:

nPax Inax
N(z1, 22) = Z Z P>\17)\221 22 (10)
A1=0A2=0
with nf, := max((2A — 1), (2A — 1)). The numerator

coefficients Py, », are matrices with dimensions (p xm).

d(z1,22) = Y D x5 (11)
A1=0X2=0
where nl_ . := max(2X,2)X). The denominator coeffi-

cients gy, ., are scalars.
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The numerator polynomial matrix N(z1,22) and the
denominator polynomial d(z1,22) can be numerically
computed at R = (r + 1)? points equally spaced on
the unit 2D disc. The R points are chosen as (z1,22) =
[v(i1),v(i2)], 41,72 = 0,...,r with r = 2\, according to
definition as:

v1(i) = va(i) = W™, Vi=0,...,r (12)

where

W, = @/ i1 9. (13)

The values of the transfer function (7) at the R points
are the corresponding 2D DFT coefficients.

4.1 Denominator Polynomial

To evaluate the denominator coefficients gy, x, define
= det [h}% (il)vg (22) — AOUI (il)vg (22)
- A11}1 (21) - AQ’UQ(iQ)] .

Therefore, using equations (11) and (14), a;, 4, can be
defined as

iy yig

(14)

@iy iy = dlv1(in), v2(i2)] (15)
Provided that at least one of a;, ;, # 0.
Equations (11), (12) and (15) yield
iy iy = Z Z g h, W A1 F2A2) (16)

A1=0X2=0

In the above equation (16) it is obvious that [a;, ;,] and
[gx, 2,] form a 2D DFT pair. Therefore the coefficients
[@x; ,2,] can be computed using the inverse 2D DFT, as
follows:

(17)

1 r r ‘ ‘
ry re = E Z Z ai17i2W(l1)\1+z2)\2)

11 =012=0
4.2 Numerator Polynomial
To evaluate the numerator matrix polynomial Py, »,,
define

Fil,iz = Cad‘][lvf(h)vg(lg) — AQUl (il)UQ(ig)

— Awl (Zl) — AQ’UQ(’iQ)] [Bl’l)l( ) + BQ’UQ(ZQ)] (18)
Using equations (10) and (18), F;, ;, can be defined as
Fiiin = N[o1(i1), v2(i2)] (19)
Equations (10), (12) and (19) yield
r—1 r—1
21 i2 — Z Z P)\1 A2 W= (11/\1+12)\2) (20)
A1=0MX2=0
In the above equation (20), [F;, ], [P, x,) form a
2D DFT pair. Therefore the coefficients Py, », can be
computed, using the inverse 2D DFT, as follows
r—1 r—1
P>\1,>\2 _ R Z Z F11,22 21)\1+z2/\2) (21)
11=012=0

Two salient examples, simple yet illustrative of the
theoretical concepts presented in this work, follow below
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5 NUMERICAL EXAMPLES

5.1 Single-Input Single-Output

Consider the following single-input single-output SO2D

System

I(’Ll + 271'2 + 2) = Aoﬂj(il + l,iQ + 1) + Alsc(il + 1,i2)

+Asx(i1,i2 + 1) + Byu(iy + 1,i2) + Bou(iy, iz + 1),
(22)

y(i1, ig) = C x(il,ig)

where

1 3 -11 0 1
AO_|:O 0:|3A1_|:01:|7A2_|:1 1:|7

o) me [l

Since A = 2, the r = 2\ = 4. Therefore R = (r + 1) =
25. The direct application of the proposed algorithm

yields

ao3
a3
a23
ass
43

ap2
a12
22

ao1
ail
a1
asi
a41

aoo
aio
a20
aso a32
a40 42
—6.0000 + 0.0000;
—0.3090 + 4.7553;
0.8090 + 2.9389;

0.8090 — 2.9389j
—0.3090 — 4.7553;

Fos
Fi3
Fa3
Fs3
Fy3

2.0000 4 0.0000;
—0.5000 — 1.53885
—0.5000 + 0.36335

—0.5000 — 0.3633j
—0.5000 + 1.5388;

o4
ai14
A24 | =
a34
Q44

3.0451 + 2.4899;
1.9271 + 3.3022;
2.1910 — 4.39205

—2.1180 — 2.2654;

—1.0000 + 3.8042;

—2.5451 — 0.2245
3.3090 + 1.4001;5
—1.0000 — 2.3511;
—1.4271 + 3.21645
0.1180 + 2.7144;

Foa
F14
Foy | =
F3y
Fyy

0.6180 — 0.72657
0.1910 — 1.76345
—2.7361 — 0.36335
—0.0729 + 2.8532j
2.0000 — 0.00004

—1.6180 + 3.07775
1.7361 + 1.53885
2.0000 + 0.00007
1.3090 — 2.85325

—3.4271 — 1.7634;

0 1].

—2.5451 + 0.22455
0.1180 — 2.71445
—1.4271 — 3.216475
—1.0000 + 2.3511y
3.3090 — 1.40015

3.0451 — 2.4899;
—1.0000 — 3.8042j
—2.1180 + 2.2654j

2.1910 + 4.39205

1.9271 — 3.3022j

~1.6180 — 3.0777§
—3.4271 + 1.7634j
1.3090 + 2.8532;
2.0000 — 0.00005
1.7361 — 1.5388;

0.6180 + 0.7265;
2.0000 4 0.00005
—0.0729 — 2.8532;
—2.7361 + 0.3633;
0.1910 + 1.7634;

Using (17), the denominator coefficients are

qo3
q13
q23
q33
q43

qo1
q11
g21
q31
q41

qo2
qi2
q22
qs32
q42

qoo
q10
420
q30
q40

Goa 0
q14 0
g4 | = | -1
434 0
Qa4 0

0 -1 0 0
-2 -2 00
1 0 -1 0
0 0 -1 0
0 0 01
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Using (21), the numerator matrix polynomials are

Poo Por Po2 FPos Pos 00 000
Py P11 P2 P13 Py 01 -1 00
Pyy Pyy Pog Pog Pyy| =10 0 0 1 O
Py P31 Pz P33 Pay 00 000
Py Py Pia Pz Py 00 00O

Once the denominator and the adjoint matrix co-
efficients have been computed, the transfer function
T(z,22) is determined as

2.3 2 4 _4

T(Zl, 22) = (P23z1 zy5 + P122122 + Pllzlzg) (Q4421 Zg
3.3 2.3 2 2 2
+ 332125 + Q232125 + q2121 %2 + Q20271 + q122123

2y —1
+ quz122 + %222)

or

T(Zl, 2’2) =

2,3 2
2125 — 2125 + 2122

1,4 _ 3,3 _ 2.3 .2 2 2 2"
2175 — 2%y — 2175 + 2{z0 — 2] — 22125 — 22129 — %5

The above result can be verified using (2).

5.2 Multiple-Input Single-Output

Consider the following two-input single-output SO2D
system:

I(Zl + 2,i2 + 2) = Aol’(il + 1, ig + 1) + All’(il + 1, Zg)
+Asx(iy,12 + 1) + B1U(i1 + 1, ig) + B2u(7f'1>i2 +1),

y(il,ig) = Cl‘(il,ig) (23)
where
13 —-11 01
mo=[o] m=[ 0] m=[11]
12 31
Bl—{g O}’ Bz—{o 1], C=110]

Since A = 2, the r = 2\ = 4. Therefore R = (r + 1) =
25. The direct application of the proposed algorithm
yields

@04
a14
a24 | =
a34
Q44

ao3
a13
a23
as33
43

ao2
a12
a22
a32
42

ao1
aii
a21
asi
Q41

aoo
aio
a20
aso
a40
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—6.0000 + 0.00003 3.0451 4 2.48995 —2.5451 + 0.2245;
0.1180 — 2.7144j
2.1910 — 4.39205 —1.4271 — 3.2164j
0.8090 — 2.9389;5 —2.1180 — 2.26545 —1.0000 + 2.35115
3.3090 — 1.4001;

—0.3090 + 4.75535
0.8090 + 2.9389j

1.9271 + 3.3022;

—0.3090 — 4.75535 —1.0000 + 3.8042j

—2.5451 — 0.2245; 3.0451 — 2.4899;5

3.3090 + 1.40015 —1.0000 — 3.80425
—1.0000 — 2.35115 —2.1180 + 2.2654;
2.1910 + 4.39205
1.9271 — 3.30225

—1.4271 + 3.2164;
0.1180 + 2.71445

and
Foo = [—19.0000 2.0000],
Fo1 =[—9.7533 + 18.1558; —7.4721 — 0.44905 |,
Foo = [9.2533 + 4.64935 1.4721 + 4.97985 ],
Fos = [9.2533 — 4.64935 1.4721 — 4.9798; ],
Fos —9.7533 — 18.15585 —7.4721 + 0.44905 ],
Fio =[2.1180 + 13.12305 —0.5000 + 0.8123; ],
Fi1; =[22.6074 + 2.93895 3.8090 + 4.11455 ],
Fio 1.9549 — 12.00055 3.8090 — 0.58785 ],
Fis —7.6180 — 3.35525 —0.5000 — 1.5388;],
Fiy —2.8820 + 11.04945 1.4721 + 3.0777j],
Foo = [—0.1180 — 6.34715 —0.5000 — 3.44105 ],
Fo1 5.3820 — 7.33095 —0.5000 + 0.36335 ],

Fas —5.1180 + 5.51465 —7.4721 — 0.72655 ],
Foy = [7.5451 — 6.10245 2.6910 + 0.95115],

Fio = [—0.1180 + 6.3471j —0.5000 + 3.4410; |
Fs, = [7.5451 + 6.10245 2.6910 — 0.95115],
Fip = [—5.1180 — 5.5146] —7.4721 + 0.7265; ] ,
Fss = [—3.1074 + 4.75535  2.6910 + 6.65745 ],
Fsy = [—5.3820 + 7.33095 —0.5000 — 0.3633;] ,
Fio = [2.1180 — 13.1230j —0.5000 — 0.8123;]
Fi = [—2.8820 — 11.04945 1.4721 — 3.07774],
Fi = [—7.6180 + 3.3552j —0.5000 + 1.53885],
Fis = [1.9549 + 12.0005 3.8090 + 0.5878; ],

[-
[-
[
[
=[-
[
[
=
=[-
=[-
[-
=[-
Fop = [~3.1074 — 4.75535  2.6910 — 6.6574;],
=[-
[
[-
[
[-
[-
[-
[
[-
[-
[
[

Fyu =[22.6074 — 2.93895 3.8090 — 4.11455].

Using (17), the denominator coefficients are

oo go1 qo2 ¢qo3 Qo4 0 0-1 0
qio q11 Q12 q13  qi4 0-2-2 0
G20 G21 Q22 Q23 g | =|—-1 1 0 —1
430 931 q32 433 Q34 0 0 0 -1
G40 G41 G42 Q43 Qa4 0 0 0 O

Using (21), the numerator matrix polynomials are

Py Por Poz2 Poz Pos
Py Py Py P13 Py
Py Pay Py Pag Poy | =
P3y P3y P3a P33 Pay
Py Py Py Py3 P

_— o O O O

0 0 [-300 0 0
0 [-7 -2 03 0 0
=|[-4 -2 [-90 0 [310
0 0 12 0 0
0 0 0 0 0

Once the denominator and the adjoint matrix co-
efficients have been computed, the transfer function
T(z1, 22) is determined as

T(21,22) = (Po223 + P112122 + P122125 + Poo2}
+Po127 20+ Pog2i 25 + P322i 25) (90273 + qui 2122 + q1221 23

2 2 2.3 3.3 4 4\ —
+ q2027 + q2127 22 + q2321 25 + 332725 + uaz123)

T(Zl,ZQ)Z(ZS[—?) 0]+ 21227 —2]+zlz§[0 3]

+ 3[4 —2]+ 2 (-9 0]+ 2323 (3 1]+ 28251 2])

1
X (—zg — 2212022125 —Zi ¥ 2220 — 2izs — 23 2 —I—Zfzg)

or

T(21,22) = ([—32’% — Tz — 422 — 9222 + 3zfz§’

+2325 | — 22120 + 32125 — 227 + 2325 + 22122])

X (—zg —2m 2y —2z1 28— 22222 —z%zg’—zi’zg’—i—zfzg)

The above result can be verified using (2).

6 COMPLEXITY OF THE ALGORITHM

The proposed algorithm has two parts. In the first part
the matrices F;, ;, and the scalars a;, ;, are evaluated
with a cost of pmRA3 operations. In the second part the
coefficients of Py, », and gy, , are evaluated using the
DFT with a cost of pmR2 + R? operations. For more
efficient computation, especially for high order systems,
fast Fourier methods can be used to implement the DFT
[13].

Due to the inherent modularity and the algorithmic
structure of the presented method high parallelism is per-
mitted. In this case the computation of each determinant
ai, iy, (16), and each matrix product F;, ;,, (20), can be
distributed over a number of processing elements, consid-
erably reducing the computation time of the algorithm.
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7 CONCLUSIONS

An algorithm was presented for the computation of the
transfer function for a new 2D system model of second or-
der. The technique is using the DFT algorithm and has
been implemented with the software package Matlab™™ .
To further improve the computational speed of the algo-
rithm, fast Fourier techniques and VHDL/FPGA based
implementations can be used. The presented algorithm
can be easily modified to be used for regular, singu-
lar and positive SO2D models of other types [11]. Also
the presented model/algorithm can easily be extended to
systems with higher order and dimensions. It is noted
that known problems such as stability, coefficient sensi-
tivity, filtering etc, can be studied using the SO2D system
model.
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